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Abstract. The multiplicative Hamiltonian flow on the phase space for a system with 1 degree
of freedom was constituted from infinite hierarchy Hamiltonian flows. A new type of canonical
transformation associated with the multiplicative Hamiltonian was found and called the λ-
extended class of the standard canonical transformations.

1. Introduction
It was well known that Lagrangian processes the non-uniqueness property. This means that La-
grangian1 can be added by a constant, multiplied by a constant or added by the total derivative
term leaving the same Euler-Lagrange equation. Recently, there has been found a new type of
non-uniqueness of the Lagrangian called the multiplicative form of the Lagrangian for a system
with 1 degree of freedom [1]. This new form of the Lagrangian comes with an extra-parameter
namely λ which can be considered as the parameter reducing the multiplicative Lagrangian to
the additive Lagrangian. Furthermore, the multiplicative Lagrangian can also be considered as
a generating function to produce an infinite hierarchy of additive Lagrangians, which produce
the same equation of motion.

In this study, we focus on the properties of the multiplicative Hamiltonian. Since we knew
there is the Legendre transformation connecting between Lagrangian and Hamiltonian, we will
find the Legendre transformation for these multiplicative Lagrangian and Hamiltonian and its
hierarchy. We also knew that Hamiltonian is a time generator to produce what we call the
Hamiltonian flow on the phase space. We then would like to investigate this structure for the
multiplicative Hamiltonian and its hierarchy. Moreover, working with the Hamiltonian setting
on phase space, we can choose many sets of canonical coordinates through four types of canon-
ical transformations (CTs). Then we will find new four types of CTs for the multiplicative
Hamiltonian.

1 The standard Lagrangian is in the additive form: L = T − V , where T is the kinetic energy and V is the
potential energy

http://creativecommons.org/licenses/by/3.0
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2. The hierarchy
2.1. Legendre transformation
The multiplicative Lagrangian and Hamiltonian have been recently discovered by Surawuttinack
et al. [1], given by

Lλ(x, ẋ) = mλ2
(
e−

ẋ2

2λ2 +
ẋ

λ2

∫ ẋ

0
e−

v2

2λ2 dv
)
e−

V (x)

mλ2 , Hλ(p, x) = −mλ2e−
HN
mλ2 , (1)

where HN = T + V is the standard additive Hamiltonian. The constant λ, which is in the unit
of velocity, can be considered as a reduction parameter sending the multiplicative to additive
form as follows; limλ→∞ Lλ −mλ2 = T − V . The multiplicative Lagrangian and Hamiltonian
can be rewritten in the form

Lλ(x, ẋ) =
∞∑
j=1

1

j!

(
− 1

mλ2

)j−1
Lj +mλ2 , Hλ(p, x) =

∞∑
j=1

1

j!

(
− 1

mλ2

)j−1
Hj −mλ2 , (2)

where

Lj =
j∑

k=0

[ j!T j−kV k

(j − k)!k!(2j − (2k + 1))

]
, Hj = (T + V )j = Hj

N . (3)

Lagrangians Lj and Hamiltonians Hj form the infinite hierarchies which they produce the
same equation of motion, mẍ = −dV/dx. We find a new momentum variable associated with
multiplicative Lagrangian given by

pλ(p, x) =
∂Lλ
∂ẋ

= m
( ∫ ẋ

0
e−

v2

2λ2 dv
)
e−

V (x)

mλ2 =
∞∑
j=1

1

j!

(
− 1

mλ2

)j−1
pj , (4)

where

pj(p, x) = j!
[
pj−1V (x) +

p2j−1

(j − 1)!(2j−1)(2j − 1)mj−1

]
; j ≥ 1 and p = mẋ. (5)

We find that the multiplicative Lagrangian and Hamiltonian are connected through the Legendre
transformation Lλ = pλẋ −Hλ [1]. Substituting eq. (2) into the Legendre transformation, we
obtain

0 =
∞∑
j=1

1

j!

(
− 1

mλ2

)j−1[
Lj − pj ẋ+Hj

]
⇒ Lj = pj ẋ−Hj , (6)

which results in an infinite hierarchy of Legendre transformations connecting between Lj and
Hj .

2.2. Hamilton’s equations
From eq. (6), we consider the total derivative dHj(p, x) = d[pj(p, x)ẋ]− dLj(x, ẋ) leading to

dx

(
∂Hj

∂x
+
∂pj
∂p

ṗ

)
+ dp

(
∂Hj

∂p
− ẋ∂pj

∂p

)
= 0. (7)

Equation (7) holds if
∂Hj

∂x
= −∂pj

∂p
ṗ ,

∂Hj

∂p
=
∂pj
∂p

ẋ , (8)

which are new forms of Hamilton’s equations for each Hj and they form the infinite hierarchy
of the Hamilton’s equations which again produce the same equation of motion. Obviously, for
the case j = 1, we can retrieve the standard Hamilton’s equations since p1 = p.
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2.3. Multiplicative Hamiltonian flows on phase space
We now define ξ ≡ (p, x) and its Poisson bracket with Hλ results in the λ-flow given by

d

dtλ
ξ =

{
ξ,Hλ

}
=
{
ξ,
∞∑
j=0

1

j!

(
− 1

mλ2

)j−1
Hj

}
(9)

or
d

dtλ
ξ =

( ∂

∂t1
+

∂

∂t2
+ ...

)
ξ, where

∂

∂tj
=

2Ej−1

(mλ2)j−1
∂

∂t1
. (10)

Figure 1. The λ-flow associated with Hλ on the phase space composes of infinite jth flows
associated with Hj .

Equation (9) and (10) suggest us that the multiplicative Hamiltonian flow is constituted from
infinite different Hamiltonian flows which they do describe the dynamics of the system on the
same trajectory2. This means that if we work with the first HamiltonianH1, the time evolution of
the system will be described by the standard Hamiltonian flow. If we work with the Hamiltonian
Hj , when j > 1, the time evolution of the system will be described by the jth Hamiltonian flow
which is at different rate scaling by the parameter λ. On the top level, if we work with Hλ now
the Hamiltonian flow is in the superimposition of infinite flows shown in figure 1. In the case
that λ goes to infinity, all Hamiltonian flows will be terminated, except for the standard one:
j = 1, which indeed agrees with the condition limλ→∞Hλ +mλ2 = T + V .

3. The λ-extended class of canonical transformations
To derive four standard CTs, we start with the non-uniqueness property of the Lagrangian

L(ẋ, x) = L′(Ẋ,X) + dF (X,x,t)
dt , where L and L′ are in the additive form and F is a generating

function. For the multiplicative form of Lagrangian and Hamiltonian, we may start with equation
(2) and apply the standard non-uniqueness property to Lj . We then obtain

Lλ =
∞∑
j=1

1

j!

(
− 1

mλ2

)j−1(
L′j +

dFj
dt

)
+mλ2 , or Lλ = L′λ +

dFλ
dt

, (11)

where

Fλ =
∞∑
j=1

1

j!

(
− 1

mλ2

)j−1
Fj = mλ2 ln

(
1 +

F

mλ2

)
, Fj = (j − 1)!F j , (12)

2 Since all Hamiltonians produce the same equation of motion
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where F1 = F is the standard generating function. The λ-generating function Fλ is written in
the form of infinite series of Fj given in eq. (12) and limλ→∞ Fλ = F . Using eq. (11), we then
derive new four types of CTs called the λ-extended CTs mapping (pλ, x) to (Pλ, X) shown in
figure 2.

Figure 2. Summary table for four types of λ-generating functions and j = 1, 2, 3, ...

Each type of CTs can be considered as a generator for infinite hierarchy by expanding the
equations with respect with the parameter λ. Obviously, all the cases in the table will be
reduced to the standard CTs when λ go to infinity.

4. Conclusion
We succeeded to construct the infinite hierarchy Legendre transformations to connect Hamilto-
nian hierarchy {H1, H2, ...} with Lagrangian hierarchy {L1, L2, ...} for a system with 1 degree
of freedom. For the geometric structure of the phase space, the multiplicative Hamiltonian flow
came from infinite hierarchy flows associated with infinite Hamiltonian hierarchy. The role of
the parameter λ was the flow scaling in the Hamiltonian dynamics. New four types of canonical
transformations were successfully derived and infinite set for each type was discovered. The
result in this study is totally new and provides a new feature of classical dynamics for any sys-
tem with 1 degree of freedom. This suggests us that actually nature may hide us an intriguing
mathematical structure and was not so obvious to discover.

Finally, we will leave some remarks for future investigations. The first one is that it might
be interesting to extend the idea to case of many degrees of freedom and to see whether there
are any new features both in physics and mathematics point of views. Another point is that
the role of the parameter λ in the Lagrangian dynamics on configuration space is not yet clear
at the moment. Then it would be good if we could understand it in the near future in order to
have a complete picture.
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