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. unagUlasens (nwdange) Abstract

An exponentially even integer is a positive integer whose prime factorization contains only even prime
powers, while an exponentially odd integer is a positive integer whose prime factorization contains only odd prime
powers. We investigate here the problem of counting the number of positive integers that are semi-prime or
relatively prime to an exponentially even integer, and to an exponentially odd integer. Basic properties and
asymptotic formula of the functions involved are established.
. uni (Introduction)

Handuavadin (Arithmetic Functions) [1], [16] Aeflenduandetouniiwnvasdruiuduuindulaw Tu

v
o

MafnwNaIITensail i A unugavesilsiduavadn nauin magaeandsy drirunisisaae (Dirichlet
Convolution) ez &sinuInsgu3 (Unitary Convolution) 3asWsridiauadia f, ¢ Mmuannuninuamuiay

o

&
3%

(f+ ¢)(n) = f(n) + ¢(n)

(f+g)n) = f(n) - g(n)

(F* =D Flgn/ o)
din
e = flcg/ d)
dlin
\la djn unw soyanwol d 7913 n 8967 uas fryanwob djn uni d ﬁl,ﬂuéi'awﬁgﬁl,m%'mm n Na1afa d 113 n a4
¢ UaT 1.9.0.989 d WAz n/d Aa 1 Wargw /(n) 15anin Wendwiananuol (Identity Function) fienalas
1, n=1
I(n) =
0, n>1

Tangnsn feAaldn(*H=F1)=Ff uae UH =GN =f ussdmsvilaiduavada
£\ {0} aw3en £ Isidusenaa (Multiplicative function) fisiaiia f(mn) = £(m) f(n) dmsunndwaudnuin
M Wag n IREN 1.5.1 VDIIEDIUIUAD 1
Tu [1] wae [5] lafigardn

- (A, + ) Wulawudesuaudy (Integral domain)

- (A, + ) Dussadundudimsveseud

- ﬁﬁmmmia%ﬂLammamﬁnﬁ%’mwﬂqm Lﬂuﬁqﬁ%’umﬂ@m

- ﬁﬁmmmigﬁm%'suaqaadﬂdﬁ%mwﬂqm Lﬂuﬁdﬁﬁmwﬂ@m
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dnuilailaidunenguinilifnwand@sinegliegann fe flsiduilessiaes (Euler Phi function) [1] @(n)fleulag
° ° = A 4 o . A = i
NWIUVITWIBANLIN k S n laedl (k, n) = 1 108 (k, n) LNUAIMRITIINNIN (4.3.4.) V89 k Uaz n Taduiniy

£
Yo A

1IN NITOLRAIANN TN ATV ITs Tuooeaaslasadl

Pm=> 1= @ -

k<n dln d
(k,n)=1

laniiun g hwartuiasadiawaiaa (Mobius function) fenulas

1, n=1

k
M) =4(=1)", n=pp,..p,
0, otherwise

lagfl pdudrwinamziuand9nu

a A o o a 6 o a A YY) a a . . . a o [y
iAW aININTULATA DA AD Vl,uaﬁ’mmmigul,ma (Bi-Unitary convolution) [11] fHgulagdmsu
Hsidulauadln f, g

FAA =D fld)g/ )

din
(d,d/n)**=1

Tagi (m,n)  Ae Mm1sTugiunIannigased m uaz n
= a o nq;dw"ll’q/d n‘vd‘t:l v a 6 @ o s = wad a v
lunsdnanuissluasstldd@nsuasiunnnullsiineitesnuwsituilossiaessisaudiniedes
famaluil
9 o -1 -
1. pwwneuaasianTuiloasiaas (Inverse Image of Euler Phi function) (0 (M) [13] fignwlag

—1 o o o o o )
Q@ (m)={n€D |¢(n)=m} lavlu [13] lddnsianusuwnsvesmwnniusasnsnsuieasiaasny

a ¥

NWIUANIZAIR 1 p L UTIWIWANTL = 5 LAz 2p+1 LTUTIWIBANIZLE?

(0_1(p) = {2,0 +1L4p+ 2}

2. Wariulaadasas (Legendre Function) [5] ((x,n) fisnulas dwsudmwiuads x 21 Weridwaafasniaa

[

° 3 = o o % ¥
ANWIWLAN K < X Lbae (k, n) =1 mﬂa’]w’]iﬂuﬁ@]ﬂﬂ')’]uﬁ&lwuﬂ@ \iﬁ

Pxm= > 1= )| =
din d

k<x
(k,n)=1

o

lagfi @(n,n) = @(n) wananiilu [2] Saimausasnnusuiusvasfizusedasns nuiliduilossiaosaait

(n)
pom =2 1 owm)

n
Wa L(n) A FwInVaITINIVEY n TLTuiaIRedLES (square free number) uaz O(n) fia
Big-O 284 n

3. MWTUTIWIURL a uaz b mnuali (a,b) *ﬁaé’ams‘huﬁmﬂﬁqmm a ﬁs’fiaLﬂuﬁamigﬁLm%'maa b
do @by =1udezsen a Juduswanisans (Semiprime) 71U b lu 2] laldanunansvesiaiti

A o I & o = @ va '
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Prm=Y Ha| = |=E&

d||n
w(n)
)

Tas L(n)=(—1

e @(n) fadwiuallsznauameNLana1anuYad n lag @(1) = 0 [19] way g

(n)=n

%?Jﬂﬁ]"lﬂ%l% [2] &IGVLQWKQ%E%G]ULQQEJ (Average order) "}.IE’N(D uuﬂa

Z(p (n) ——H 1—— + 0(xlog’x)

< p(p+1)

I o ° { k ° o
4. lu Rao [9] ldlianuminsasfaritu ¢ (nfa Hwawauuin m < nlasfl o |(m,n) dwibua

FAIWIUBY a > 1 LaZIIUIUND k ﬂaﬁfuﬁaﬂﬁmmmmLﬁﬁuvl@"'l,ugﬂ

n
Q=D )| -
din

d

4 @ A a a 1/k ° 3 o o
Wa M, feWarituad denulay ,uk(n):,u( Wwa ndudwawduua 44 (n =Ommumrﬁ§us]

)
i

(181, [15], [16]) ool U, = {usz @ =@ wonanii Satyanarayana [14] FafnENSuALIRALTD @, (n ) i

2

X
@, (n)=—+ O(xlogx)
% 2Lk

\la § Aowsridudanuadiiu (Riemann zeta function)
o @ ° o A ' . @ o Ao Aa S Ao ' a
5. Munualid k idusrwauwivnunniwrinny 2 81 n lidddszneuamzninnzgnvesnin k aziSen k
1 &) I3 v o I~ I3 va ~ o I3 ll&
i ktdy (k-full) uazlv O, unwmavasiwanman k-au lu [3] ldlifiew @, () Aawamduuan < n 7g

° v o go o A A a a & € o ' o o o
Lﬂ%‘ﬂjuﬂuLﬂquaNWﬂﬁﬂU@?%qiﬂN’]ﬂﬂEg@“ﬂf’]\‘i n V]@QFL%L‘H@ Qk LLaszﬁ‘ﬂ%?qﬁﬂﬂﬁuﬂﬂﬂaqjLLﬁ@ﬂﬂjquﬁNWuﬂ@
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=
3%

W=D A (@) g

d||n

P, if a=k+1

-~ a .
Hp)=9—1 [fa=1
0, otherwise
dwiuduany p uenanitlu [3] Sadnmauduaivzes @, (n) wude

1
Z(pk :_H 1_?+pk+2 + 0(xlog )

n<x p

6. fnuald k iudwiusiy lud 1964, Cohen [4] lalianuningvas @, (n) Aedwrmdnnin < n uaz
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d||n
HE
-1, 1Za<k
7 (07) =
Hy 0, a=>k
dmsudmnenz p lagd L1, = Lusz im L, = L& e
%
—_— n
im @, (m = m Z,uk(d) —j > | = |=pm
k= * dln d dlin d

—_—

g o 2 o o A < A
uananih [4] SaEnmauduaiuzas @, (n) iuda

(n@(n)
Z(Dk (n)=— Z'uk L +O(><Log X)
n’

n<x
7. SIRIUTIWIUUD a, b uaz k MAua bR (a,b)kﬂammﬁwﬂmﬂﬂq@mﬂmﬁd kd (a,b), =1 21380

a NIUPWIULRNFUNNTTNES k AU b (Relatively k-prime) 1141 Suryanarayana [17] lelwanununsa swario

o I3 l& = o Q Q o s Qs v a '
(x,n) fg WIANLINS X NTITUTIWIBANIZENANTINRG k 1U n wae laRgastin
k 8

P m= Y 1—Zyk(d>

m<x
(mn), =1

lasf @, (n,n) =@, (nN)usz @, (x,n) =@P(x,n)
8. Mnualid n udwiuty 22nd130 n iludwIndNawEiaIn (Exponentially odd integer) t1 n 1lgu

v & Ol

s OS o o 1 o ) o I~ {
lugnsusndadsznanamzldast n=p* ++- p* dwmitudaziwinianz p; uazo idudwiwdng waz

[

WE, WNWTALBITNUIULENLVTINAIR (Exponentially odd integer) &5inain N € E_ndaliiadmmisgiunidngg

§89NINNFAVEI n Ae 1 aoun 1 EE, u 2] fimawgasti

Kn= D Jld) g, (v &) =(Z y, Xn)
d|n
o Zoﬁaﬂuﬁﬁ'uﬁ'ﬂwmzLQWW:Eo(Characteristic function of £_) uaz

LL(n), nis square

K(n) = , )
0, otherwise

lag K \DuWariguuonga Rao [10] lduenenamsfnmananuaNNBET I BLaZRNMNT (1) 99t Fuual#h a, b

. « 9o k\* o - . o ' ; k - * *
uaz k iudwawin W (a,b ), WNUAMIIEAUNIIIAY k ANNNFaVeI N Az m lawfl (a,b), =(a,b) uaz

a

k . .
IWarian (Dk dosmamanan m < n'Tos (m,n ) =11u [2] Gagai

n=_ Hd)

d|n

Tasil @, (N =@ ()
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9. Amuald n ludwawivua: (a,b) =max{d €l |d|lad|b} Weidulugfunieasiaes (7]

*% o

@ (0 falay wmduuin m Snlasf (mn) =1 lav Laszlo Toth [7] 9Wgain

U
@ (M= E L@/ d,d)
dln
10. fwuald n iWudrwutiuuas An) LIURUITAY0ITATBIRIRITNIRUATEY N FNAUA LA (m,n) , , unw
o - A { k k o & o = wn o :
dnTas m Annigafiaglugl b wez b € Aln) dmiuuedwamdn b lu [12] lalvlimaisiduiaed

2403114 (the generalized Legendre totient function) @0, , (x,n) a4l @, , (x,n) unuwamdnuin m < x lag

o k o .
7 (mn),, =114 12] Suaasi

X
@, xn)= Z M, ()| —

d€A, (n) d
e A (n)=1{d>0] d“ € AN uaz L, (n) =0 w3a -1 o n = p™ dmindmawansz p,
11. fhwuald n idudwawiouaz (Mm,n) Lmu@l“"smigﬁm'%ﬁmnﬁqwaa m 7iv13 n asea 1w 6] e
fenuWaridu @p (N) Ao Sruauium S n Tosi (m,n) 4 = luazlddnmannndiaasfarizuaindniifey

&
%)

¢

—1
@ m={nell |@y(=m]
o o o —1 o o % om0 o o X
laglu (6] lednmanudumusues QP (N) waz @ (M) AusaumanzldantiingAnydail
® 1 n=pm uaz p iudwmaniz uidr @p (N) = (p—1)@P, (M)
o 1 n=pmuas p uiwmwanzlasd (o.m)=1 uda PA(N)=p YA (m)
e 1 p LU IWIUANIL = 5 LAz 2p+1 LTUTIUWIBANIZUEA?
-1
@O 2p)={2p+1,4p+2}
o quz ﬂ o @ . _ 01... O, 91... e A Ao A A e
12. fwuald n iudwoud use n=p, P, q, g, e p;,q; Aedwamanzo, Aadman

LANLINA LA ejﬁaﬁhmulﬁwmn@j % o (n) fa e-odd part uaz ,B(n) fa e-even part V84 n NAIAB

ploi---pff if dsell
a(n)=
1 if there is no such s
I0H
qfl---qre’ if drell
Pn) =
1 if there is no such r

Tu (18] l@nwuawasTuila (Odd-phi Function) @ *(A;n) fasrwawduuan S n szt dudrmanisamziy
a(n) wazWariFuile (Even-phi Function) (0 * ([;n) fadwamduun S n waadudwoaudaawzio B(n)
Tu (18] dylagasiin

n n
@ (o)=Y T(d)| — we @ (Bim= D) Kd)| —

d|n d dlln d
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Wawariou K fenulay (2) uaz T fenulas
_

—1, ais odd

Tp")=<3 0, ais even

1, a=20

FIRTUIIWIBLANE p
=S a 3:;’ U @ o o & v fo A A v et s A
Tunmsfinmanuitsluasefimefitoinueiitudiseandasuazaeisiduiiiodaanuilsiduiiesy
@esnnaT IR uasda L%
o ) ° I & o A [
- Warguilgriald @ * (a;xn) Ao wamduuan S x uaniduiwaniaawziu an)
o Y o = & o = @
- WariuAamld @ * (f;xn) da Swamdnuin < x wanduiwinhaawziu B
- alx,n) AaswIwANUIN S x ey ITRIUIRAWIZFNANTAY (n)
- b(x,n) fedrwanidnuan < x uaz iluiwrnamzaunwnsny Bn)

musnusandusnanwallaaideluh

Q*(a;x,n) = Z 1 (0*(ﬂ;x,n)= Z 1

m<x mS<x
(m,a(n)*=1 (m,B(n)r=1
alx,n) = Z 1 b(x,n) = Z 1
m<x m<x
(m,a(n)=t1 (m,B(n)=1

3. dngUszesA (Objectives)
1. efnwauiinfivadavesiifasadianslddsinunsisaanuardainunsyiuni
2. Whamgaslunsdmwinasiaiduilgnld WedguRanily alx,n) uazb(x,n) molddsiaunisiitaan uasdsin

WINSEIUTS
3. Wefnwaudinisuszanaa@aduniiu (Asymptotic Formula) vasileriduiavagin

4. \agaIntzanmd I Buduiny (Asymptotic Estimate) vasWarisuildnialy Werdudaraly alx,n) uazb(x,n)

5. iNaaTARaUANUDNdaInngsjludidiassasiaiduiavadia

3. A5nN15Meaanazivy (Materials & Methods)

v
N v

autAdesiuresilsiduavadnaalddsinnnsisaanuasdeinuinsyiund audfivesuouiaamy
(Sermiprime) wazautimsiwpdniiedosdmiunsmanslunisdiun Worduflgrialy Waddudanly
alx,n) waz blx,n) Feisi
Lemma 1. Let g, b be positive integer whose unique prime representations are so arranged as

B g b b v 1%
O:kapll...puuqi/l...qfv and b:kbpll...puuq11_..qv\/

Where p;, p are distinct prime and k,,k, are positive integer such that

1=gcd(k, k) =gcdk,,p;) =gcdlk,,q,) = gcdlk,,p;) = gcdlk,,q;),

b,<B,y,; =Y, (=L.u j=1.,v)
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b . . .
P, if there is such an integer u.
Then A) (a,b) =

1 if there is no such an integer u.

B) (a,b) =0 <> (a/lb/l) =1.

Proof.
A) If either a or b is equal to 1, then the result is trivial. Henceforth, assume that both a and b are >1.
If hereis no such u €N, then a = mq’l(1 qy’b = nqi’1 @YY where y; > x;(j =1, ...,v). Clearly, the
greatest divisor of a which is a unitary divisor of b in this case is 1.

If there is such a u €N, then a= kapi11 ---pi“q)l(1 q’f,", b= kbpllj'1 ---pﬁ“q’{l .

--qz’,", where b; <
aj(i=1,..,u) and y;>x(j=1,..,v). he greatest divisor of a which is a unitary
divisor of b in this case is p?l e pﬁ“,

B) follows immediately from the result and proof in part A).
Lemma 2. Let a, m, n be positive integer. If (a,m) =1=(a,n) then (a,mn) =1.

Proof. Let the unique prime representation of a be
a=qq,",

Where q;(j = 1, ..., v) are distinct primes and each a; € N.
If (a,m)* =1 = (a,n)* then Lemma 1 indicates that the integer m and n must be of the
form

m = kmqf1 ---qﬁw or m=k,,

and

n= knqz/1 ”.q‘l)l/,u or n=ky
for some w,u € {1, ..., v} and the remaining positive integers satisfy §; > a;, y; > a;,gcd(km ,q;) =
gcd(kn , q]-) = 1 The product mn either contains a prime factor q; of power > @;or does not contain

such a prime factor. In either case, Lemma 1 implies that (a,mn)* = 1.

* * *

Lemma 3. If gcd(m,n) =1 and (a,mn) =1then (a,m) =1=(a,n) .

Proof. Let the unique prime representation of a be

— %1 ay
a=4q, " qy

Where q;(j = 1, ..., v) are distinct primes and each @; € N.

If gcd(m,n) =1 and (a,mn)* =1 then by Lemma 1

Sy

é
m = kmq11 “es qy

or m=ky,

and

8 8
— y+1 —
n= knqy+1 q,? or n=k,

For some y,z € {1, ...,v} with y + z < v and the remaining positive integers satisfy §; >
a;,gcd(kn,, q;) = gcd(kn, qj) = gcd(kp, ky) = 1. The product mn either contains a prime factor q; of
power > a; , or does not contain such a prime factor. In either case, Lemma 1

implies that (a,m)* =1 = (a,n)".

Lemma 4. Assume that gcd(a,m) = (a,m)* = qfl -+ q,? for distinct primes q; and each a; € N. Then
by the definitions of gcd(a, m) and (a,m)*, we have
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gcd(a,m) = (a,m)” <> either i) a or m equals 1
i) ord,(a) = ord,(m) for primes p|gcd(a,m).

Lemma 5. For a fixed positive integer a, the function (a,n)* is multiplicative in n.
Proof. Let m,n € N be relatively prime and let (a,mn)* = 1 € N. By Lemma 1 B), we have
(asl,mn/1)* = 1. Since gcd(m, n) = 1, there exist l1, l, € N such that

=141, li|m,l3|n, gcd(ly, 1) = ged (m/ly, n/l,) = 1.
Lemma 2 B) thus vyields (a/l,m/1,)* =1 = (a/l,n/l,)*. Invoking upon Lemma 1 B), we get(%,m)* =
l; and (a/ly,n)" = [,. Next, from Lemma 1 A), we have (a/l,,m)* = (a,m)* and (a/l;,n)" =

(a,n)* and consequently, (a,mn)* = 11, = (a,m)* - (a,n)".
Lemma 6. Let E_,E_ be the respective set of exponentially even and exponentially odd integers, whose
characteristic function are Xo» X, respectively. Then
XAy =uU and TAU =X,
Proof. To verify the first relation, we start with (Yo U X,)(1) = y.(Dx, (1) =1=U(1).Forn > 1,

since y.and y, are clearly multiplicative, it suffices to verify at prime powers p°, i.e., to show that
(Xe U X0)(@%) = U(p?) and this follows from
1+0=1if aisodd

ay — a a — — a
(e UX)(P?) = 5D (0D + % 0% (D = {71 21 (o 15 owem = UPD
To prove the second relation, we first verify (T u U)(1) = T(1)U(1) =1 =X,(1).Forn > 1,

since T and U are multiplicative, it suffices to verify at prime powers, i.e., to show that

(Tuv)(P*) = U(P%) and this follows from

TOGD =TW +TED = {1 1 021 thas evon = 2@

Lemma 7. Let f, ¢ be arithmetic functions. Then
f=gAT<:>g=fA}(o and f=gAK<:>g=fA}(e
Proof : By Lemma 6, we have
f=gUT & ful=gUy. e fUy, UU=gUU < fU)y, =g,

which is the first relation. The proof of the second relation is similar, i.e., from Lemma 6, we have
f=gUK © fulU=gUy, © fUy,UU=gUU & fUy.=g.

wa

antRdewuildlunsmansnsdssanaadadumiiuues feiduilgnily dvduitanily al,n) uas

Lemma 8. Let the functions T and K defined as above. Then

« the sum Y2-; T(n)@(n)/n3 converges absolutely to
prrime (1-p/®*+D(p+ 1));
« the sum Yoy K(n)e(n)/n3 converges absolutely to
prrime 1 -1/p(p + D(p*+ 1)).

Proof. Since |[T(n)| < 1 and @(n) < n, the sum Y=y T(n)@(n)/n3 is absolutely convergent. Since the
function T(n) ¢(n)/n3 is multiplicative, by [1, Theorem 11.6], we have the

representation
(00}

T(n)p(n) T(P)e®) TE)e®?)
;T= 1:[{1+ p3 + p6 +}
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The function T only takes non-zero value, being -1 at odd prime powers, and so a typical term in the
product is of the form

T He@* 1) p(p - 1) p
1+Z p32j-1) =1- Z N (p2+1)(p+1)'

The proof of the second sum is similar.
Lemma 9. Letx EN, x > 2, let f € A, and let v(n) be the number of square-free divisors of n Assume
that |f(n)] < 1(n € N). Then

Bner T2 = 0(l0g?x) and B L2 = 0(1/)

3

Proof. Consider

Z fmv(n)
n

< Z? < Z Uor(ln) = 0(log?x),

ns<x n<x n<x
where the last equality follows from [1, exercise 2 p. 70]. To prove the second equation, consider

[@om) < 5 9W 5 L~ oasv),

n3 n3
n>x n>x n>x

where the last equality follows from [1, Theorem 3.2 (c)].

Lemma 10. Let x € N, x > 2, let f € A4, and let v(n) be the number of square-free divisors of n Assume
that |f(n)| < 1(n € N). Then

Z Z @ = xz f—(nzlf(n) + 0(log?x)

n<x d|n nsx
and

) F@ix/dy = 0(xlog )

n<x d|n
Proof. Consider
d d
NN R SRR )
n<x djn n<x dé=n d<x 5<x/d dsx
(d,8)=1 (d,8)=1

Using Cohen’s estimate in [3], we get

S ]% o (.d)=x f(d()iqs(d) ‘o (Z f(d)dv(d)>

d<x d<x dsx

B f(d)p(d) oo (d)
=X T +0(Z d )

dsx dsx
_ f(d)p(d)
x ————————

= R 0(log?x),

dsx
where the last equality follows from [1, exercise 2 p. 70]. To prove the second equation, we proceed similarly

Yy @)<Y Y r@i=Y i@l Y 1= f@lpe/d,d

from

n<x d|n n<x dé=n d<x 6<x/d d<x
(d.6)=1 (@,8)=1
If (D]p(d) <P( )
=x) o —+0 ZIf(d)Iv(d) <x zo'o(n) = O(xlogx) .
dsx dsx dsx dsx

Page 10 of 24



Lemma 11. Let x € R,x = 2. Then

p(a(n)) _ x
7; () 26(2)+0(10gx)

and
@(B(n))
Z B > ) + 0(log x).
Proof. We begin from
p(a(n)) 1 1y oM
Tam) —pg)(l‘g) > 1;[(1‘5) =Tn
which leads, by [1, exercises 4-5, p. 70] to
¢(a(n)) p(n)
) Z = + O (logx).

nsx
The proof of the second sum is the same.

Lemma 12. Llet x € N, x = 1. Then

aGem) = ) k@3], am = " w@n/d

d|a(n) dla(n)
b = ) w@ [3], b = Y u@m/d.
d|p(m) a|gm)

Proof. Using [1, Theorem 2.1, p. 25], we have
|x] li

a(x,n) =

gcd(r:znazcn)) 1 m= 1d|gcd(ma(n))
[x/d|
B Z Z w(d) = z u(dlx/dl,
dla(n) q=1 dla(n)

and the first two relations follow. The proofs for b(x,n) and b(n) are similar.

Lemmal3. Let x be a real number = 1. Then
xp(B(n))

a(x,n) = %rgl)) —&,(x, 1), b(x,n) = W

where {-} denoting the fractional part,

D H@DE/), gm = Y ud/d)
dla(n) a|pm)

Eq(x,n) =

Moreover, we have

leg(x,n)| < ao(a(x, n)), |£[;(x, n)| < ao(ﬁ(x, n)),

where 0o (m) = Y qjm 1 is the divisor function.
Proof. By lemmal2 and [1, Theorem 2.3], we have

aGem) = ) w(@ (2—{2})=%— > @ {3}

dla(n) dla(n)
Next,

eeeml < Y @ /A< ) @/dy< ) 1

dla(n) dla(n) dla(n)

Z {gcd(m a(n))] pu(d)

—gg(x,m),

Ver 01. 2018-04-20
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The proof for b(x,n) is the same.

Lemma 14. Let x € R,x = 1. Then

Z eq(x,n) = O(xlogx), Z gq(m,n) = 0(xlogx)

nsx nsx
and

z gg(x,n) = O(xlogx), Z gg(n,n) = 0(xlogx)

n<x n<x
Proof. From lemma1l3, we have

o em)| < k@ {3} < D a(am) < ) a0 = 0xlog»).
d

n<x n<x dla(n) n<x ns<x

< Z Z lu(d)| < Z ao(a(n)) SZ oy(n) = O0(xlogx).

n<x dla(n) n<x n<x

Proceeding similarly, we get

Z gq(n,n)

nsx

The proof &g is the same.

Lemma 15. Let x € R, x = 1. Then

1 1
) S 1 - _) - ) ) b ) S (1 - _> - ) -
a(x,n) x( - Eq(x,n) (x,n) <x - gg(x,m)
Proof. From lemmal4, we have

_ xp(a(n))
a(x,n) = W —

The proof for b(x, n)is analogous.

e (x,n) < x <a(n) _ 1) —&,(x,n) <x (1 - %) — g, (x,m).

a(n)

2. IWUNANIINAADY (Results)
nufunvanvesuidefegaslunisdnnm Weiduidnald Weiguianly al,n) uaz blx,n) molddsin

WINMIAsAER wazdeinuiniseliuns nsussanarndaduniu uasandiveslnduavadndanaiiidsialuil

Theorem 1. For a positive integer n and real number X 2 2 we have

@*(a;xn) = ZT(d)Lx /d]  ad  @*(fixn)= ZK(d)I_x/ d |

d|n d|n

Proof : Since @(1) = 1, from its definition we get

PaxD= » 1= Y 1=ll= Y 1@

mex m=x |
(ma() =1 (m,1)*=1

Let n be a positive integer > 1 whose odd-even prime representation is n = pfi pgsqfl qrer. Then

a(n) = pfl ... p¢¥ and by the inclusion- exclusion principle, we have

¢*(a;x,n) = Z 1= Z 1= |x]— Z 1

ms<x ms<x ms<x
(mam) =1 (mpit..pgs) =1 (mpit..pgs) #1
> X > X s X
=li—z—oi+z oo | Tt D o |
i=1 pi i,j=1 pi P]- pl - Ds

i<j
Since T'( pfl . PS5 qfl . @) = 0 if there is such an integer r € N, we get
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ZT(d)lx/dJ= Z T(@)\x/d)

dfn dllpit..pds
_ J X o, o x
=T(D)|x] + T(Pl ) i 01 5 4ot T(pl o DS ) - -
i,j=1 b; Pj Dy - Ds
i<j
X . x .
li Z 01 Z 0; O]' -|— ----|— (—1) —01 Os = (p (a; x’n).
ij=11Pi P; Py - Ds
i<j

Since @*(a;n) = @*(a;n,n), the first two relations follow. To verify the second set of relations, we first
look at the case n = 1. Since (1) = 1, we have

P (B;x,1) = zl = Zl =li=ZK(d)l§J.

msx msx

(mp1)" =1 (m1)y =1 dfn
Let n be a positive integer > 1 whose odd-even prime representation is n = pfl pssqfl qﬁr. Then

B(n) = qfl qgs and by the inclusion- exclusion principle, we have

@ (B;x,n) = Z 1= Z 1= |x]— Z 1

m=x m=x m=x
(m, B(n)) =1 (mq wqiT) =1 (mp5t..pyT) #1
r X
= x| - Z el +ot (D o= |
i,j= 1 qL q - 4r

i<j
Since K( pfl psos.q;31 o @7) = 0 if there is such an integer s € N, we get

Srol- > rof]

dlln dllgst..qpr
; X e x
—K(l)li+ZK(ql) el Z a; q] ++K(q:' - ) | =
i,j=1 ql q} ql qT
i<j
r x *
= |x] - el +ot (D || = ¢ (B5x,n).
i,j=1 ql q] -ql qT
i<j

Since @*(B;n) = @*(B;n,n), the last two relations follow

Theorem 2. Let x be real number= 2 . Then

= Z Ud)| x/d], ann:=aln)= Z L(d)r/ d,

dla(n) dle(n)
b= . ) x/d] b =bn= Y pdn/d
dpm dfn

Proof. Using [1, Theorem 2.1, p. 25], we have
%)

alxn) = Z Z {gcd(m a(n))] ud)

m=x m=1| gcd(m a(n))

ged(m,a(n))=1
lx/d]
= > D ud= ) u@lx/dl,
dla(n) q=1 dla(m)

and the first two relations follow. The proofs for b(x,n) and b(n) are similar.
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Corollary 1. Let n be positive integer and x be real number > 2 .

Nifne EO, then

Q*(ixm =Y [ x/d]. @*n=@*m),

djn

@ (Pixn=x], @*(Bin=n

iIf ne EO, then

Q*(@;xn=| x|, @*n=n,
(D*(ﬂ;x,n)ZZ/_l(d)Lx/dJ, (0*(ﬂ;n)=(0*(n).

felllal
Proof. The results hold trivially for n = 1.

i) Forn = 1, since n € Ey, we have a(n) = n,B(n) = 1, T(n) = fi(n) and k(n) = 0, and the assertions are
immediate consequences of Theorem1. The proof for ii) is similar.

Corollary 2. (D*(O[;n)@*(ﬂ;n) =n@*(n).

Proof. Clearly, @*(a;1)@*(8;1) =1 X1 =1X ¢@*(1).Letn > 1 whose odd-even prime representations is

n=pytpqyt gy We have

N T
* i e % — s €j
¢ (a;n) = H(p{’ —1) a7 a5, 9" (Bin) = pit - pg H(q,-’ 1)
i=1 j=1
Corollary 3. For prime p and a € N, we have
ay _ ( p? ifa iseven a {(p(pa) ifa iseven
a(p®) = {(p(pa) ifa is odd ’ b(p*) = p? ifa isodd.
Proof. For even a, we have a(p?) = 1, B(p?) = p? and so

a(p?) = Z 1=p%b(p?) = Z 1 =¢(p?).

ms<p?@

gcd(m,1)=1

ms<p?
gcd(m,1)=1
The proof of the case of odd a is similar.

Corollary 4. For a positive integer n and prime p, we have

) aln)bn) =n@(n)

i) amy=n[[a-1/p. b=n]]a-1/p
pla(n) plB(n)

Proof. Part i) is an immediate consequence of Corollary 4. Part ii) follows from the Theorem2 and the identity ([1,

Theorem 2.18]) Ygn u(d) f(d) = [Ipjn(1 — f(p)) by taking the multiplicative function f(n) = 1/n.
Theorem 3. Let x € R, x = 2. Then

S o (aim =% (175

T 0T 1)> + 0(xlog?x)

ns<x p prime )
Z @*(a;x,n) = x* Z % + 0(x log?x)
nsx xZ n<x 1 (2)
;(p*(ﬁ;n) “2 Ll (1 P+ D2+ 1)) +0(xlog®x)
Z<p*(ﬁ;x,n) =x22%+ 0(x log?x). (3)
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Proof. From Theorem 1, we have

Z(p*(a;n)zz Z dT((S):ZT((S) z d.

nsx n<x dé=n 5<x dsx/é
gcd(d,6)=1 gcd(d,6)=1
Putting o;(x,n) :=), msx m, and using Cohen’s estimate ([2, Lemma 4.1])
gcd(mn)=1
<p( )
o1(x,n) = +0(xd(n)),

the relation (1) follows from

oS 5)d(s
Y ot @)= 7)o (x/5,6) = ZZT()q)() (xZT()S()>

n<x 6<x S<x
T(5)<P(5) T(5)<0(5) T(5)d(8)
R S IOXR )
T(5)<P( )
=— Y ———>+0(x) +0(x log?x),
; Z 5

where the last two estimates are taken from Lemma9, and the value of infinite sum is taken from Lemma 8.

The proof of (2) analogously follows from

an (@ xn)—xZZT(d) ZZT(d){g}

n<x n<x d||n n<x d||n

T(n
Z ( )(p( )+ 0(x log?x) + O(xlog x)
n<sx
The proofs of (3) and (4) proceed in the same manner as follows:

D@m= Y dK@ =) K® ) d=) K®a/58)

n<x n<x dé=n S<x ds<x/8 5<x
(d,8)=1 (d,6)=1

K(5)<0(6) K(8)d(5)
ST OO o5y HOIO)

6<x 5<x
X K©®)9)  x2 T K(©®)p(5) K(8)d(8)
= 7;T_78>xT+ O(XZT>
2

X
= 71(1 + 0(x) + 0(x log*x)

o Grm=xy > DN k@ {3}

nsx n<x djn n<x dfn

= x? Z % + 0(x log?x) + O(xlogx) .

nsx

5<x

and

Theorem 6. Let x € R, x = 2. Then
2

O —
2 E x?
2g(2)+0(xlogX) Sza(n)§7+0(x10gx) (6)

nsx
2

(2)+0(xlogx) <Zb(x n) < x?+ 0(xlogx) (7)

nsx
2 xZ

2g(2)+0(xlogx) SZb(n) S7+0(xlogx). (8)
ns<x
Proof. To prove (5), we start from Lemma 13 and making use of Lemma 14 to get

+ O(xlogx) < z a(x,n) < x? + 0(xlogx) 5)
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Za(x,n) < xz (1 —%) —Zsa(x,n) = xz 1 —x2%+ O(xlogx) = x? + O(xlogx).

ns<x ns<x ns<sx ns<x ns<sx
For the opposite estimate, from Theorem 2, Lemmas 11 and 13, we get

¢(a(n))
nz;ca(x \Nn) = xnz;c ) Z g,(x,n) = ——< (2) + O(xlogx).
To prove (6), we put x = n in Lemma 12 to get

a(n) =an,n) <n(l—-1/n) —e,(x,n)

and then use Lemma 14 to deduce that
2

Za(n) Szn(l—%)—zea (n,n) =Zn—21+0(xlogx) =x7+0(xlogx).

n<x nsx nsx nsx nsx

Since 9(n) = n[lpn(1 — 1/p) < nllpje@m)(1 — 1/p) = a(n), by [1, Theorem 3.7], we have
2

z a(n) = z pn) = 2:(2) + O(xlogx).

nsx
The proofs of (7) and (8) are the same as those of (5) and (6), respectively.

dwsuansnisewinmelusunsureuiameimenwlnmeuvesileidunan U fassuTiavialy slefdualx,n)

Y
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ผู้วิจัยได้นำเสนอองค์ความรู้ใหม่ที่จะเป็นประโยชน์กับนักวิจัยทางทฤษฎีจำนวน นอกจากนี้ยังใช้โปรแกรมคอมพิวเตอร์ภาษาไพทอน

มาช่วยในการคำนวณและตรวจสอบความถูกต้องทางทฤษฎี จึงเป็นการสร้างความเข้มแข็งทางด้านการวิจัยแก่ผู้วิจัยเพื่อการพัฒนาต่อไป
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1. (ab)’

# find (a,b)*
def FindAB_star(num_a, num_b):
import math
# find divisors of a
divisors = []
for num in range(1, num_a + 1):
if num_a % num == @:
divisors.append(num)

# (d|b) find divisors of a that is divisors of b too
d_divided_b = []
for i in range(@, len(divisors)):
if num_b % divisors[i] == @:
d_divided_b.append(divisors[i])

# find the greatest common divisor of divisors of a and b divided by divisors of a
GCD = []
for y in range(@, len(d_divided_b)):
if math.gcd(d_divided_b[y], int(num_b / d_divided_b[y])) == 1:
GCD.append(d_divided_b[y])
result = max(GCD)
return result

2. e-odd part ey e-even part

def e_even_part(number):
# w1 prime factorial
prime_fact = []
if number < 4:
[number, 1]
else:
while number > 1:
for i in range(2, int(2 + number // 2)):
if i == (1 + number // 2):
prime_fact.append(number)
number = number // number
if number % i ==
prime_fact.append(i)
number = number // i
break
# Find duplicates number
duplicates = {}
for num in prime_fact:
if num in duplicates:
duplicates[num] += 1
else:
duplicates[num] = 1

beta = 1
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for k, v in duplicates.items():
if v %22 == 0:
beta = k *¥* v * beta
ifv %2 !1=a0:
pass
return beta

e_odd_part(number):
# 91 prime factorial
prime_fact = []
if number < 4:
[number, 1]
else:
while number > 1:
for i in range(2, int(2 + number // 2)):
if i == (1 + number // 2):
prime_fact.append(number)
number = number // number
if number % i ==
prime_fact.append(i)
number = number // i
break

# Find duplicates number
duplicates = {}
for num in prime_fact:
if num in duplicates:
duplicates[num] += 1
else:
duplicates[num] = 1

alpha = 1

for k, v in duplicates.items():
if v %2 ==0:
pass
if v%2!=e0:
alpha = k ** v * alpha
return alpha
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3, OddFﬁﬂfuncﬂon(ﬁaﬁﬁuﬂﬁ)uazEvewphiﬂnmﬁon(ﬂQﬁ%uW@)

1| def Find_even_phi_function(rounds, finish):
2 import FindAB star
3 import e_even_odd part
4 result = @
5 for num in range(1, rounds):
6 AB_star = FindAB_star.FindAB_star(num, e_even_odd_part.e_even_part(finish))
7 if AB_star ==
8 result = result + 1
9 return result
10
11
12| def Find_odd_phi_function(rounds, finish):
13 import FindAB star
14 import e_even_odd part
15 result = @
16 for num in range(l, rounds):
17 AB_star = FindAB_star.FindAB_star(num, e_even_odd_part.e_odd_part(finish))
18 if AB_star == 1:
19 result = result + 1
20 return result
4. The generalized odd phi function (HsAduiAavlU) way The generalized even phi function
(Harduilginly)
from Phi_phunction import *
import math
while True:
mode = int(input('Please choose mode ;\n press @ to exit program\n press 1 to beta\n
press 2 to alpha\n: "))
if mode == @ or mode == 1 or mode == 2:
if mode ==
print('Stop programing...")
break
else:
rounds = math.floor(float(input('Please enter number x ; x >=1 : ")))
finish = int(input('Please enter number n ; n in natural number : '))
if mode ==

print('Even-phi function of %s and %s is' % (rounds, finish),
Find_even_phi_function(rounds, finish))

elif mode ==

print('0dd-phi function of %s and %s is' % (rounds, finish),
Find_even_phi_function(rounds, finish))
else:
print('Please select an available option. Task is repeating...')
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5. dlentu a(x, n) waz b(x,n)

from numpy import gcd
import e_even_odd_part
def Euler_even_phi_function(a, b):

result = @
for m in range(l, a + 1):

if gcd(m, e_even_odd_part.e_even_part(b)) == 1:

result +=1
else:
pass
return result

int(input('Please enter x : "))
int(input('Please enter n : "))

3 X
[

)

from numpy import gcd

import e_even_odd_part

def Euler_odd_phi_function(a, b):
result = @
for m in range(l, a+l):
if gcd(m, e_even_odd_part.e_odd_part(b)) == 1:
result += 1
else:
pass
return result

int(input('Please enter x : "))
int(input('Please enter n : '))

3
Il

Ver 01. 2018-04-20
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grint{'Euler odd-phi function of {@} {1} is {2}'.format(x, n, Euler_even_phi_function(x, n)

grint('Euler odd-phi function of {@} {1} is {2}'.format(x, n, Euler_odd_phi_function(x, n))
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